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Abstract 

We show that for a complete complex algebraic variety the pure term of 
the weight filtration in homology coincides with the image of intersection 
homology. Therefore pure homology is topologically invariant. To obtain 
slightly more general results we introduce image homology for noncomplete 
varieties. 
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1 Introduction 

The mixed Hodge theory was developed by P. Deligne to study extraordinary 
properties of cohomology of complex algebraic varieties. One of the ingredients 
of mixed Hodge structure is the weight filtration. We will focus on the dual 
filtration in homology. We will find a relation between intersection homology 
defined by M. Goresky-R. MacPherson and the weight filtration. The main 
result of the paper says that if a variety is complete, then the pure part of ho- 
mology W''Hk[X) is the image of intersection homology. This shows topological 
invariance of pure homology. An attempt to give a topological description or 
at least estimate the weight filtration was undertaken by C. McCrory ([10]). If 
X is a complete smooth divisor with normal crossings then the weight filtra- 
tion coincides with the Zeeman filtration given by " codimcnsion of cycles" . In 
general there is an inclusion (the terms of the weight filtration are bigger). It 
is a result of McCrory for hypersurfaces and of F. Guillen ([8]) in general. For 
complete, normal and equidimensional varieties all we can deduce from Zeeman 
filtration for the pure term of the weight filtration is the following: the image 
of the Poincare duality map is contained in W^Hk{X). This is exactly what 
follows from the weight principle. Our description of Hk{X) is complete and 
still purely topological. Other terms of the weight filtration do not have such 
description. They are not topologically invariant. 
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In the course of the proof at some points we do not have to assume that the 
variety is complete. Therefore we organize the paper as follows. Let X be a 
complex algebraic variety. We will define certain subspaces of homology 

IMk{X) c Hk{X) 

for each k &N, which we will call image homology. We assume that homology 
has coefficients in a field of characteristic zero. We will show that: 

Theorem 1.1 The image homology satisfies the conditions: 

(a) IfX is smooth, then IMh{X) = Hk{X), 

(b) If f : X is an algebraic map then f*IMk{X) c IMk{Y), 

(c) If J ■ X ^ Y is an algebraic map which is proper and surjective then 

fJMk{X)=IMk{Y). 

By Hironaka resohition of singularities every algebraic variety is dominated by 
a smooth one. Therefore the conditions of Theorem 1.1 determine IMk{X). Of 
course it is not clear whether IMk{X) satisfying (a)-(c) exists. If X and Y are 
complete then the existence of such subspaces is a consequences of mixed Hodge 
theory, [5] §8.2. 

Theorem 1.2 

(d) If X is complete, then IMk(X) coincides with W''IIk{X), the pure weight 

subspace of homology. 

We prove that IMk{X) is the image of intersection homology: 
Theorem 1.3 

(e) // X is equidimensional, then 

IMk{X) = im{ix : IIik{X) ^ Rk(X)) . 
We will explain the objects appearing in (d) and (e) below: 

(d) W^Iik{X) = W-kHk{X) is the fc-th term of the weight filtration in homol- 

ogy of X. It is the annihilator of Wk-iH''{X), the subspace of cohomology 
of the weight < A; — 1, defined in [5]. If X is complete then W''Hk{X) is 
the lowest possibly nonzero term. Then it is pure. In general the weight 
filtration is not a topologically invariant, see [12]. 

(e) IHk {X) is the intersection (co)homology group (with respect to the middle 

perversity) defined in [6, 7] and developed in [2]. It is a cohomology theory 
adapted to tackle singular varieties. It is equipped with canonical maps: 

F2<i™W-fe(X) ^ 7il2dim(X)-fe^^) ^ IHkiX) Hk{X) 
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factorizing Poincare duality map [X] n — . (The subscript c stands for 
compact supports.) Intersection (co)homology is a topological invariant 

of X. According to [2] or [11] one can construct a weight filtration in 
IHk{X). If X is complete, then IHk(X) is pure of weight k. 

We deduce a striking property of image homology. 

Theorem 1.4 (Topological Invariance) 

(f) The image homology is a topological invariant of X . This means, that if 
f : X ^ Y is a homeomorphism which does not have to be an algebraic 
map then fJMk{X) = IMk{Y). 

Theorem 1.4 follows from (e). As a corollary we obtain an unusual property of 
the pure term of the weight filtration: 

Corollary 1.5 If X is a complete algebraic variety, then W''Hk{X) is topo- 

logically invariant. 

A topological description of W'^Hk{X) is the following 
Corollary 1.6 IfXis a complete and equidimensional algebraic variety, then 
W'^HkiX) = im{ix : IHk{X) ^ Ffe(X)) . 
We also define parallel or dual variants of IMk{X): 

- IM^^{X) c H^^{X), a subspace of Borel-Moore homology satisfying the 

properties (a)-(f) (with (b) for proper maps), 

- KER'^{X) c H''{X), kernel cohomology, a subspace of cohomology satisfying 

dual properties, 

- KER'^{X) C H^{X), a subspace of cohomology with compact supports satis- 

fying dual properties (with (b') for proper maps). 

The dual properties are the following: 

Theorem 1.7 The kernel cohomology KER}'{X) c H^{X) satisfies the condi- 
tions: 

(a') IfX is sm.ooth, then KER^{X) = 0, 

(b') If f : X is an algebraic map then f*KER^{Y) C KER^{X), 

(c') If f : X ~* Y is an algebraic map which is proper and surjective then 
{f*)-^KER''(X) = KER^{Y), 

(d') If X is complete, then KER^{X) = Wk-iII^{X), the subspace of cohomol- 
ogy of the weight < k — 1, 
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(e') If X is equidimensional, then 

KER''{X) = ker{i*x : H''{X) IH''{X)) , 

(f') The kernel cohomology is a topological invariant of X. 

Instead of KER groups one can consider the image of cohomology in intersection 
cohomology. We will focus on the case when X is equidimensional. The property 

(d') can be restated: 

Theorem 1.8 

(d") If X is complete and equidimensional then the image im{L'^ : II^{X) — *■ 
IH^{X)) is isomorphic to the pure quotient H'^{X)/Wk-iH''{X). 

Combining (a') and (c') we obtain 

Corollary 1.9 IfX is smooth, Y is equidimensional and the map f : X 
is proper and surjective, then the image f*{H*{Y)) is isomorphic to the image 

I* 

Corollary 1.9 (and an analogous one for homology) allows us to think about 
intersection cohomology as a substitute for the cohomology of a minimal reso- 
lution. 

The main tool of the proofs is the Decomposition Theorem of [2] or [11]. We 
will rely only on one corollary: 

Corollary 1.10 (from the Decomposition Theorem) Let f : X ^ Y 
be a proper surjective map of algebraic varieties. Then ICy is a retract of 
Rf*ICx, i-c- there exist maps i : ICy — > Rf*ICx (inclusion) andr : Rf^ICx 
ICy (retraction) such that r o i = IdiCy ■ 

Here ICx is the intersection complex. It is an object of the derived category 
D{X) of sheaves of vector spaces over X and X is assumed to have pure dimen- 
sion n. The hypercohomology of ICx is the intersection (co)homology: 

H'^iX; ICx) = IH\X) = IHg'^.iX) , 

H^{X; ICx) = IH^iX) = IH2n^k(X) . 

Due to methods of [2] we are forced to use complex coefficients (or Q^), but once 
we prove the Theorems 1.1-1.4 for C they will automatically follow for arbitrary 
field of characteristic zero. We will also apply a result of [1] concerning (non 
canonical) functoriality of intersection (co)homology. As it is shown in [13] the 
result of [1] is a formal consequence of 1.10. On the other hand Corollary 1.10 
can be deduced from [1]. We present this reasoning in the Appendix. This is 
the only non topological ingredient we use. The methods presented here are 
applied to study residues on singular hypersurfaces in [15]. 
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2 Definition through (e) 



The starting point of our definition is the property (e). We cannot say that 
IMi~{X) is just the image of IHj;{X) since intersection homology is defined 
only for equidimensional varieties. Therefore we decompose X into irreducible 
components X = Uigj ^i- 

Definition 2.1 Let li : IHk{Xi) Hk{X) be the composition of the natural 
transformation tXi with the map induced by the inclusion of the component. The 
image homology of X is defined by 

IMk{X) = Y,^m{ii) C Hk{X) . 

If X is equidimensional we do not have to decompose X into components since 

IHk{X) = IHk{X) =^IHk{Xi) , 

where X is the normalization of X, which is also the normalization of Lljgj Xi. 
This proves the property (e). 

We can give a direct description of image homology in terms of cycles. Our 
description is based on the elementary definition of intersection homology intro- 
duced in [6]. Wo fix a stratification {Sa}a^j^ of each Xi. We assume that the 
stratification is locally topologically trivial. A homology class of Hk{X) belongs 
to IMk{X) if it is represented by a cycle ^ which 

— can be decomposed into a sum of cycles ^ = X^^g/^i, with C Xi. 

— the component ^i is allowable in Xi, i.e. 

dimRd^il n5„) <k-c-l 

if Sa is a singular stratum of Xi with complex codimension c = dim(5Q;) — 
dim(Xi) . 



3 Proof of (f) 

By [7] or [9] intersection homology is a topological invariant. It is enough to show 
that the decomposition into irreducible components is topologically invariant. 
Indeed, lot Xj-^^ be the set of points of X at which X is a topological manifold 
(the dimension may vary from a point to a point). The set X^^g decomposes into 
a set of components Xi,reg- The irreducible components of X are the closures 

of Xj_reg- 1^ 
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4 Proof of (a) 



If X is smooth, then tx ■ IHh{X) — » Hk{X) is an isomorphism. □ 

Remark 4-1 It is enough to assume that X is a rational homology manifold to 
have IMk{X) = Hk{X). Also some information about local homology allows 
to deduce an isomorphism in certain degrees. For example if X has isolated 
singularities, then IMk{X) = Hk{X) for k > maxi(dim(Xi)). 

5 Proof of (b) 

At this point for the first time we have to use highly nontrivial results concerning 
intersection homology. Let / : X — » F be an algebraic map. Let us recall the 
main theorem of [1] . 

Theorem 5.1 There is a map [3 making the following diagram commute: 
IHk{X) ^ Hk{X) 

IHk{Y) ^ Hk{Y) . 
The choice of /? is not canonical, but its existence is enough to deduce (b). □ 

In some cases we can prove more: 
Proposition 5.2 IfX is complete, then /* strictly preserves image homology: 

im{U) n IMk{Y) = U{IMk{X)) . 
We will deduce 5.2 from mixed Hodge theory of [5] provided we know (c) and 

(D). 

Proof. Let ^ : Y ^ Y he a. resolution of singularities. By (c) IMk{Y) is the 
image of /U*. Therefore IMk{Y) C W''Hk{Y). The map /* strictly preserves 
weights 

im(/,) n W'HkiY) = f^iW'^HkiX)) . 
By (d) we have W''Hk{X) = IMk{X). We obtain the inclusion 

im{f.) n IMk{Y) c f.{IMk{X)) . 

The converse inclusion follows from (b). □ 
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6 Proof of (c) 



We assume that f : X ^ Y is proper and surjective. It is enough to prove (c) 
for irreducible X and Y. We will show that the map ty : IHj^iY) Hk{Y) 
factors through IHi;{X). Our argument is dual to the one of [13]. We will 
construct a map a which will fit to the commutative diagram 

IHk{X) ^ Hk{X) 

IH,{Y) ^ H,{Y) . 
It will come from a map a at the level of derived category of sheaves: 
RfJCx[2n] Rf.lDx 

ICY[2m] Dy 

Here n = dim(X), m = dim(y) and Dx (resp. Dy) denotes the dualizing sheaf. 
It is equal to Cx[2n] (resp. CF[2m]) at smooth points. By the Corollary from 
the Decomposition Theorem 1.10 there is a retraction r : Rf^^ICx — > ICy. Let 

a : ICy[2m] = DICy DRfJCx = Rf*DICx = RfJCx[2n] 

be the Verdier dual of the retraction. We obtain two maps: iy and the com- 
position /* o Rf^{Lx) o a : ICy [2m] — > Dy. We can rescale a and assume that 
these two maps coincide on an open set. We will show that they coincide on 
the whole X. The conchision will follow. 

Proposition 6.1 Suppose Y is irreducible. Then every two maps in the de- 
rived category li,L2 '■ ICy — *■ Dy which coincide on an open set are equal. 

Proof. It is more convenient to prove the dual statement: Every two maps 
DL\,Db2 : Cy — > ICy which coincide on an open set are equal. Indeed 

Homo(y)(Cy,7Cr) = R°Hom{Cy,ICy) = H°{Y;ICy) = IH°{Y) ~ C 

and the same for U. The restriction map III^(Y) — > IH°{U) is an isomorphism. 

□ 

Remark 6.2 Another possible proof is to show that (5 in 5.1 may be chosen to 
be surjective. 

Remark 6.3 Since the factorization of by was constructed on the sheaf level we 
obtain the statement for arbitrary supports of the homology: 

fJMC^'>'\x) = IMt{Y) c Ht{Y) , 
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where (j) is a family of supports in y. In particular 



provided that the map / is proper. 

Remark 6.4 Every algebraic subvariety ^ C F of dimension k defines a class 
in IM^^^{Y). It is easy to show a class in IM^-f^^{X) which is mapped to [A]. 
To construct it we choose an open and dense subset U <Z A and a subvariety 
B c f~^U such that /|s : B — > ?7 is finite, say of degree d. Let C be the closure 
of B in X. Then the class i[C] e IMg^{X) is the desired Uft of [A]. 

Remark 6.5 The property (c) does not hold for the maps which are not alge- 
braic. Example: Let N be the rational node, i.e. with two points identified. 
It is homcomorphic with the famous pinched torus, i.e. x with x pt 
shrunk. The quotient map y. —> N is surjective on Hi{N) ~ C, but 
7Mi(7V) = /fi(pi)=0. 

Lot us note that the property (c) does not hold in the analytic category, 
even in the smooth case. 

Exam,ple 6.6 Let X = (C^ \ {0})/Z, where fc G Z acts on via the multipli- 
cation by 2*^. The tautological bundle factors through / : X ^ = F. The 
map / is a complex analytic locally trivial fibration with fibers C*/Z which is 
an elliptic curve (a compact torus) . Topologically / : X ~ S*^ x S*^ ^ 5^ ~ F is 
the projection on the first factor composed with the Hopf fibration. The induced 
map is not surjective on H2iY). 

7 Proof of (d) 

We recall that the weight filtration in the homology of a complete variety is 

such, that W^^^Hk{X) = and W^Hk{X) is pure of weight k. Our proof is 
based on the following description of W''Hk{X) (see [10] p. 218): Assume that 
X is contained in a smooth variety M. Let /x : M ^ M be a resolution of 
(M, X) in the sense that ^'^X is a smooth divisor with normal crossings. Let 
X be the disjoint union of the components oi ^~^X. Then we have an equality 

W^Hk{X) = fi4W''Hk{fi-^X)) = v,{Hk{X)) , 

where u : X ^ X is the obvious map. On the other hand by (a) and (c) 

v^{Hk{X)) = IMu{X) . 

□ 
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Remark 7.1 By the dual of [5], 8.2.5 we can replace v : X ^ X hy any surjec- 
tive map from a complete and smooth variety. 

Remark 7.2 In general, if X is possibly not complete then 

IMk{X) c W'^HkiX). 

The equality docs not have to hold. Example: Let X = C* x A'', where N is 
the rational node (see 6.5). Then W^H2iX) = H^iX) ~ C^, but IM^iX) ~ 
H2{C* X Pi) ~ C. 

8 Borel-Moore homology 

Proof of the properties (a) , (d) , (e) and (f) are the same. Concerning (b) and 

(c), as wc have remarked in 6.3, we can use any kind of supports, since the 
maps are constructed on the level of sheaves. 

9 Dual KER groups 

Intersection cohomology is a module over H*{X). Since the natural transfor- 
mation Lx preserves the module structure we have: 

Proposition 9.1 The kernel ker{bx) = KER*{X) is an ideal in the cohomol- 
ogy ring H*{X). Moreover KER°{X) = 0. 

Due to nondegencracy of the pairing in intersection (co)homology we can de- 
scribe kernel cohomology as annihilators 

KER^{X) = Ann{IMk{X)) , KER'^{X) = Ann{IM^^ {X)) . 

Properties of (a')-(f') can be obtained by duality. A short way to prove (c') 
is to show that /? in the dual of the diagram 5.1 may be chosen to be injec- 
tive. The inclusion of 1.10 is a good choice. We will comment on (d'): We 
recall that the weight filtration in the cohomology of a complete variety is such, 
that WkH''{X) = H^{X) and the quotient WkH^{X)/Wk-iH^{X) is pure. 
Combining (d') and (e') we have: 

Theorem 9.2 If X is complete and equidimensional, then 

Wk-iH^{X) = ker{L*x : H^{X) ^ IH^{X)) 
This gives a positive answer to a question stated in [4]. 
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10 Differential 



By the property (b) the image homology is functorial. (We recall that it is not 
possible to chose maps of intersection homology to make it functor, see [13].) 
Moreover the map (Bh : IHk{Xi) Hk{X) comes from a map of sheaves 

■ ^iei^^Xi IDx- Therefore d{IMk{X)) c IMk-i{A n B) in the Mayer- 
Vietoris sequence associated to the open covering X = A\J B. Of course the 
sequence of IM groups does not have to be exact. Example: Let X the sum of 
two copies of glued along two pairs points. Denote by a and h be the points 
of the identification. The Mayer- Vietoris sequence iov A = X \ {5}, B = X\ {a} 
is not exact at IMq{A n B). 

On the other hand one can consider the case when A and B are closed 
subvarieties. Then the differential for intersection homology vanishes. 

11 Appendix 

The most frequently applied corollary from the Decomposition Theorem is 1.10. 
Its proof does not demand all the machinery of [2]. The Corollary 1.10 can be 
deduced from functoriality of intersection cohomology, which in turn relies only 
on a certain vanishing statement called Local Hard Lefschetz in [14]. We want to 
show how to construct inclusion and retraction in 1.10 using the induced maps 
constructed in [1]. 

We assume that X and Y are irreducible, dim(X) = n and dim(F) = m. 
The map / : X — > y is proper and surjective. 

Inclusion: ICy — ^ Rf^ICx is a map realizing /* : IH*{Y) — > IH*{X). 
Such a map exists by [1] 

Retraction: Rf^^ICx —->■ ICy- Let Z he a subvariety of X such, that f\z is 
surjective and dim(Z) = dim(F). Such a construction has already been applied 
in Remark 6.4 and [1] p. 173. Wc' consider the sheaf ICz as a sheaf on X 
supported by Z. As in §6 we construct a map a : ICy — > Rf*ICz- We obtain a 
map of Verdier dual sheaves 

RfJCz[2m] = Rf^DICz = DRfJCz DICy = ICy [2m] . 

Again, there exists a map /? : ICx — > ICz which agrees with the restriction of 
the constant sheaf Cx Cz- We compose -R/*/3 with Da[—2n] and obtain a 
map r' : Rf^ICx ICy. Generically the composition r'oi is the multiplication 
by the degree of f\z- We define r = dcg{f\z)^^r' . Now, r o i : ICy ICy is 
generically identity. By [3], V.9.2 p. 144 each morphism of intersection complexes 
is determined by its restriction to an open set, therefore r oi = Mjcy ■ ^ 

Remark 11.1 The existence of the induced maps constructed in [1] follows from 
local vanishing (Local Hard Lefschetz [14]). Therefore these maps exist with 
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rational coefficients. Our inclusion and retraction are constructed for rationals 
as well. 

Remark 11.2 The assumption that we stay in the algebraic category is essential. 
In the Example 6.6 there is a natural map Cy = ICy Rf*ICx = Rf*dxi 
but it is not split injective. The construction of a retraction breaks down since 
one cannot find a subvariety Z d X with the desired properties. 



References 

[1] G. Barthel, J-P. Brasselet, K.-H. Fieseler, O. Gabber, L. Kaup: Releve- 

ment de cycles algebriques et homomorphismes associes en homologie d'intersec- 
tion. Ann. Math, 141 (1995), p. 147-179 

[2] A. Beilinson, J. Bernstein, P. Deligne: Faisceaux Pervers. Asterisque, 100 
(1983) 

[3] A. Borel: Intersection cohomology, Progress in Mathematics, 50 (1984), 
Birkhauser 

[4] J. CheeGER, M. GoreSKY, R. MacPiierSON; L"^ -cohomology and intersection 
homology of singular algebraic varieties. Seminar on Differential Geometry, Ann. 
of Math. Stud., 102 (1982), Princeton Univ. Press, Princeton, N.J., p. 303-340 

[5] P. Deligne: Theorie de Hodge III. Publ. Math. I.H.E.S., 44 (1974), p. 5-77 

[6] M. Goresky, R. MacPherson: Intersection homology. Topology, 19 (1980), 
p. 135-162 

[7] M. Goresky, R. MacPherson: Intersection homology II. Invent. Math., 72 

(1983), p. 77-130 

[8] F. Guillen: Une relation entre la filtration par le poids de Deligne et la filtration 
de Zeeman. Compositio Math., 61 (1987), no. 2, p. 201-227 

[9] H. C. King: Topological invariance of intersection homology without sheaves. 
Topology Appl., 20 (1985), no. 2, p. 149-160 

[10] C. McCrory: On the topology of Deligne' s weight filtration. Singularities, Proc. 
Symp. Pure. Math., 40 (1983), part 2, p. 217-226 

[11] M. Saito: Modules de Hodge polarisables. Publ. Res. Inst. Math. Sci., 24 (1989), 
no. 6, p. 849-995 

[12] J.H.M. Steenbrink, J. Stevens: Topological invariance of weight filtration. 
Indag. Math., 46 (1984) , p. 63-76 

[13] A. Weber: A rnorphism of intersection homology induced by an algebraic map. 
Proc. AMS, 127 (1999), no. 12, p. 3513-3516 



11 



[14] A. Weber: A morphism of intersection homology and hard Lefschetz. Contem- 
porary Mathematics, 241 (1999), p. 339-348 

[15] A. Weber: Residue forms on singular hypersurfaces. Preprint 2003 
Andrzej Weber 

Instytut Matematyki, Uniwersytet Warszawski 
ul. Banacha 2, 02-097 Warszawa, Poland 
e-mail: aweber@mimuw.edu.pl 



12 



